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Fig. 6 Centerline velocity decay, Ref. 12, calculations
started at X/D = 1.4.

shows somewhat better correlation of the data obtained
with Eq. (1) than either the Prandtl model or Eq. (4).

On the other hand the usefulness of these comparisons
made in Ref. 1 and shown in Fig. 3a is questionable for two
important reasons. First, all the data shown was not taken
with the same nozzle diameter (both D = 1.0 in. and 0.25 in.
were used), and also the primary and secondary velocities
were not fixed, i.e., in series C, Uj = 180 fps; whereas, in
series F, U, = 90 fps. Therefore, using the data from two
different experimental cases to compare against the predic-
tions of single case assumes the flowfield to be similar.
Second, For stall10 reported the initial boundary layers on
the splitter plate significantly increased the mixing. This
effect is not considered in either of these models. An assump-
tion of similarity is not required if only data points obtained
with a 0.25-in.-diam nozzle are used in Series E of the Forstall
data. When this is done, as shown in Fig. 3b, Eq. (1) over-
estimates mixing by as much as 50%. This over estimation
is not surprising since this case more closely approximates
the quiescent jet condition, i.e., Uj = £Ue.

Examination of Fig. 4 shows that Eq. (4) also gave good
agreement with the data of Chriss,11 i.e., a high speed subsonic
hydrogen jet exhausting into a high speed subsonic air stream.
Both models give reasonable agreement with the low speed
wake like (Ue > Uj) data of Ref. 12 for constant density
flows (Fig. 5) but neither model did well (Fig. 6) for flows
where the central jet gas was Freon and the external stream
was air. Further verification of the generality of Eq. (4)
was shown by comparison with 17 cases as reported in Ref. 14.

Discussion

Inspection of Figs. 2-5 shows that in some cases Eqs. (1)
and (4) have predicted a centerline velocity decay which
differs from experiment by as much as 50%. Two possible
sources of this poor correlation are: first, the implicit
assumption of equilibrium, and second, the absence of
radial variation in the models. Radial variation was found
to be significant15 for flows in the transition region such as the
data of Chriss, in which large density variations exist across
the jet.

It is felt that better prediction methods for the entire
mixing region must include the effects of upstream history
of the turbulence quantities, i.e., intensities and shear
correlations. Since the upstream flowfield development is
important, these prediction schemes should begin at least
at the point at which mixing is initiated. This region con-
tains information about splitter plate boundary layer profiles
and preturbulence levels which is neither measured nor
reported in available jet mixing data. It is strongly recom-

mended that future investigations include these important
parameters.
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Plane Stress Analysis of Two
Rigid Circular Inclusions

THOMAS J. KIM* AND VIJAY G. UKADGAONKERf
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Introduction

THE problems of finding the stress field around an arbi-
trary hole in an infinite plane can be generally solved by

mapping the given region into a unit circle via Schwartz-
Christoffel transformation, and many recent studies have
been reviewed extensively in the book by Savin.1 However,
this procedure becomes rather cumbersome for a hole with
nonsmooth contour or one that is defined in a multiply con-
nected region since the mapping function, in general, becomes
an infinite series. To avoid an infinite number of terms,
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many investigators truncate the terms after the initial two
or three terms of the series which results in some distortion
of the original shape of the hole. The computational diffi-
culties arising in the elastostatics problems for the multiply
connected region can be substantially eased by reducing the
solution to a sequence of problems in simply connected do-
mains. This can be accomplished by making some modifi-
cations to Schwarz's treatment2 of the Dirichlet problem for
the overlapping domain.

In this Note, Schwarz's alternating method is used to find
the stress field induced by two rigid inclusions in an isotropic
homogeneous infinite plate. Two rigid disks of different
radii a -f ei and b + €2 are respectively inserted into the two
circular holes of radii a and b, where e is very small in its
magnitude as compared to the radii. It is assumed that no
slip occurs in the process of insertion such that the interac-
tion between the disks and plate reduces to normal pressure
on the edge of the disks and plate. The problem is defined
in the complex z plane and the stress functions which are
valid in the vicinity of each hole are obtained by successive
approximation starting from each hole.

Analysis

Two-dimensional problems in the theory of elasticity in
the absence of body forces are reduced to the determination
of two complex stress functions <t>(z) and \[/(z) which are
analytic in a given region. The stress components are ex-
pressed as3

ov
(1)

where ar and <J0 are the normal stress components and rre is
the shearing stress with reference to polar coordinates.

The stress functions 0(z) and \l/(z) for an infinite region
pierced by a circular hole of radius R are given as

dt (2)

(3)

where t = Rel6\ f(t) is the resultant stress on a prescribed
boundary L; and (f(t)) is the conjugate of f(t). If the stresses
are given on the boundary L, the stress-boundary condition
/ can be expressed in terms of the complex stress functions as

f(t) = on L (4)

Now let the center of the hole ci in Fig. 1 be located at the
origin of a complex z\ plane. Then the corresponding stress-
boundary conditions can be obtained from Eqs. (2-4) by
replacing z by Zi, t by t\ = a exp(i0i), R by a, and L by ci.
Similarly, the stress functions corresponding to the hole c2,
which has the center at the origin of 22 plane, are determined
by replacing z by z2, t by t2 = b exp(i02), R by 6, and L by c2.

Table 1 Maximum hoop stress at F for varying b/a
and c/a

00 at (n,0i) = (o,0) d =

b/a d = 0.1 d = 0.5 d = 1

1 Ip + 3.30582 IP + 1.77780 Ip + 10

(c - a - b)/a

d = 2

Ip + 0.44440
1.5 Ip + 3.5156g Ip + 2.2500Q Ip + 1.44000 Ip + 0.7347g
2 Ip + 3.6281a Ip + 2.5600Q Ip + 1.77780 Ip + 10
2.5 Ip + 3.69820 Ip + 2.77780 Ip + 2.04080 Ip + 1.23460
3 I p + 3.74610 Ip + 2.93880 Ip + 2.25000 Ip + 1.44000
3.5 Ip + 3.78090 Ip + 3.05260 Ip + 2.41980 Ip + 1.61980
4 Ip + 3.80730 Ip + 3.16050 Ip + 2.56000 Ip + 1.77780

Fig. 1 Stress distribution along the line of symmetry for
p = q and b = 2a.

First and Second Approximations

For an infinite plate containing only one hole of radius a,
stress functions can be determined from Eqs. (2) and (3)
which yields

where p = 2eiG/a (G is shear modulus of the plate), and the
subscript 1 indicates a boundary of the region in the neigh-
borhood of which the stress functions are valid. Similarly
the stress functions for a hole c2 (in the absence of ci) take
the forms

02(z2) = 0, = —qb2/z2 (6)

where q = 2e%G/b.
The stress functions determined in the forms of Eqs. (5)

and (6) yield the normal stresses which are inversely propor-
tional to the radial distance squared, and these, for suffi-
ciently large distance c = CL, will give the exact solution to
the given problem. However, for a certain distance c, such
that a + b < c < CL, these might be considered as the first
approximation in which no mutual effect of the holes are
taken in consideration.

The second approximation which is valid near the hole
c2 is derived by starting from the hole c\ as follows. The
solution in Eq. (5) is obtained in the absence of the hole c2.
Thus, by piercing the second hole c2 at z\ = c (with inclusion)
the stress field around c2, which is caused by ci, will be dis-
turbed. Furthermore, the boundary condition on c2 will
not take the form of f(tz) = — qfa due to the presence of the
residual stresses. In order to adjust the stress-boundary
condition on c2, the corrected stress resultant on c2 is obtained
in the form

Mfe) - -3*2 - /(« (7)

where /(£2) is determined by translating the stress function in
Eq. (5) to Zi = c using the transformation z\ — z% + c. Since
the stress components in the first part of the Eq. (1) is in-
variant under a translation, the corresponding stress function
0i (21) is also invariant, i.e.,

= 0 (8)

where subscript 12 indicates the translation from z\ to z2.
However, the function ^i(zi) is not invariant under the
translation of the origin and \l/n takes the form

1^12(22) = iMsi) + c0i2'(22) = -pa2/ (22 +

From Eqs. (4, 8, and 9)

(9)

(10)
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and from' Eq. (7)

Substituting the corrected stress resultant /2(fe) and its
conjugate (fzfo)) into the Eqs. (2) and (3), and evaluating
the complex integrals the corresponding stress functions are
determined as

$22(22) = -pa*b*/c(cz2 + 62) (12)

62) (13)

Thus, the stress functions which are valid in the neighbor-
hood of C2 are expressed as the sum of the transformed stress
functions and the adjusted ones, and they are

$2(22) = $12( $22(^2) = —

c)
(14)

62)2

The stress functions corresponding for the second approxima-
tion which is valid in the vicinity of c\ can be obtained by a
similar analysis starting from the hole c2, and they are

$1(21) = -

(zi - c) -

cZi - a2)

- qb*/c - (15)
- a2)2

The higher order approximations4 can be obtained by a
similar process described above with no mathematical diffi-
culties encountered. It can easily be shown that the suc-
cessive approximation constructed in this manner converges,
but the rapidity of convergence will depend on the magni-
tude of the parameters a,fe,c,ei, and e2.

Numerical Results and Discussion

The numerical results for the distribution of stresses in
the plate were obtained with the aid of digital computer
for the case of b = 2a. In Fig. 1, the variation of the hoop
stress along the line of symmetry is illustrated graphically
for various spacing (k = c/a) of the holes. It shows that
the high-stress concentrations always occur at the point F
on ci and G on c2, and their magnitudes increase substan-
tially as the holes get closer for the fixed radius ratio 6 =
2a. For instance, the stress at F is 4.75 times higher than
that of the single inclusion for the 'case of A; = 3.1 and p — q.
As the spacing of the holes increases, the stress pattern rapidly
converges to unity which is the exact result4 obtained in a
single hole solution. Thus, for practice one can set a certain
limit on the value of k beyond which the mutual effect of in-
clusions is not significant. The limit can be determined
from Table 1, in which the maximum hoop stress at F is ex-
pressed in terms of p and q, by varying the radius ratio, ei
and €2. It also shows that the maximum stress concentra-
tion at F is much more sensitive to the distances between
the holes than moderate change in the radius ratio.

Establishment Time of Laminar
Separated Flows

MICHAEL S. HOLDEN
Cornell Aeronautical Laboratory Inc.) Buffalo, N. Y.

I. Introduction

THE time required to establish steady flow in complex
regions of viscous interaction and flow separation remains

an important question despite over a decade of measurements
in facilities with short run times such as shock tubes, shock
tunnels, and piston and arc driven facilities. Measurements
in shock tubes and shock tunnels at Cornell Aeronautical
Laboratory (CAL) have indicated that separated regions
can take from 100 jusec to several msec to become fully
established. Definitive measurements of the time establish-
ment process in piston and arc driven facilities have in general
not been possible because of the length and complexity of the
starting process. For the set of measurements reported
here a 40-ft driver section was fitted to the CAL 48 ft tunnel
to give long test times at low incident Mach numbers.
Figure 1 shows the test times available when the tunnel is
operated under tailored interface conditions with 20- and 40-ft
drivers. The boundary marking the appearance of the
driver gas in the test section was determined from gas sam-
pling techniques and heat transfer measurements ahead and
in the base separated region. At incident shock Mach
numbers of less than 2.5, we obtain running times greater than
20 msec.

II. Experimental Measurement

Base flow measurements

In the experimental studies of base flows, pressure and heat
transfer measurements were made around spheres with
diameters of 2, 6, 9, and 12 in., at Mach numbers from 6 to
8.5, unit Reynolds numbers from 2 X 106 to 9 X 106, and
Tw/To from 0.1 to 0.4. Typical pressure and heat transfer
records ahead and in the base regions are shown in Fig. 2.
For the conditions shown the nozzle flow and the attached
boundary layers are fully established within 1.5 msec. The
gross structure of the separated region is established first,
with the pressure in the neighborhood of the separation
point taking the longest time to stabilize; the fine structure,
as indicated by the heat transfer close to the rear stagnation
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- EXPANSION WAVE
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I
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Fig. 1 Test time for
tailored interface oper-
ation of 48 in. shock

tunnel.
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